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A exact de Sitter-like cosmological solution of quadratic gravitation with torsion has been found.
In the limit of constant energy and pressure, it becomes a exact de Sitter spacetime. It exists in a
wide class of quadratic gravity theories and is the same in vacuum for all the models in this class, no
matter how the coefficients of the quadratic terms in the Lagrangian are. It describes an accelerating
universe and gives a cosmological constant which is of the order of magnitude of the observed value.
In vacuum the universe is a de Sitter spacetime without torsion. When matter presents, however, the
spacetime is equipped with curvature as well as torsion. In other wards torsion can be generated by
the energy-momentum of matter (energy and pressure).
PACS numbers: 04.20.Jb, 04.50.Kd, 98.80.Jk.
The gravitational effects of torsion have been studied extensively in astronomy of solar system and
cosmology in recent years. In most theories of gravity involving torsion, the source for torsion is assumed to
be the intrinsic spin of matter. Since the spins of fermions are normally randomly oriented in macroscopic
bodies, the amount of torsion generated by macroscopic bodies is normally negligible. However, in a
recent paper, Mao et al. [1] argue that this assumption has a logical loophole which can and should be
tested experimentally, and consider non-standard torsion theories in which torsion can be generated by
macroscopic rotating objects. They point out that there is a class of theories, including the Hayashi-Shirafuji
[2] theory, in which the angular momentum of macroscopic spinning bodies generates a significant amount
of torsion. Following [1], some searches for new gravitational physics phenomena based on Riemann-
Cartan theory of General Relativity including spacetime torsion have been reported [3]. Starting from
the parametrized torsion framework of [1], the motion of test bodies in the presence of torsion, has been
analyzed. On the other hand, Flanagan and Rosenthal have shown [4] that the Einstein-Hayashi-Shirafuji
Lagrangian propose by Mao et al. has serious defects, while leaving open the possibility that there may be
other viable Lagrangians.
In order to explain observable acceleration of cosmological expansion some cosmological models in the
framework of the Poincare gauge theory of gravity have been proposed [5]. In these models torsion plays an
2important role and the Lagrangian includes some quadratic terms of torsion and curvature. In some models
even the vacuum possesses torsion. As an alternative gravitational theory quadratic gravity without torsion
has been introduced in both classical and quantum gravity for many years, a recent important development is
in critical gravity [6]. In the gauge approach to gravity torsion is just as geometrical an entity as curvature.
Therefore a naive quadratic theory of gravity should include torsion naturally [7]. Furthermore, if we
employ a de Sitter gauge approach to gravity instead of the Poincare one we can obtain a rather simple
Lagrangian including torsion and a cosmological term automatically appearing [8, 9]:
L = 1
l2
(
aRµνρσRµνρσ − bTµνρTµνρ +
1
2
R − 3
l2
)
e, (1)
where e is the determinant of the co-tetrad eIµ, and l denotes the so called de Sitter length. In four dimen-
sional spacetime the Gauss-Bonnet term √−g
[
RµνλτRµνλτ − 4RµνRµν + R2
]
is purely topological and then
the Lagrangian can be taken as
L = 1
l2
(
βRµνRµν + αR2 + γTµνρTµνρ +
1
2
R − 3
l2
)
e. (2)
For the sake of simplicity we can let γ = 0, then we have a more simple Lagrangian
L = 1
l2
(
βRµνRµν + αR2 +
1
2
R − 3
l2
)
e. (3)
In contrast to the ordinary quadratic gravity [6, 10], here the field variables consist of the tetrad eIµ and the
spin connection ΓIJµ, the spacetime is characterized by curvature as well as torsion.
Taking into account the above considerations, the purpose of this paper is to explore the cosmological
effects of torsion in quadratic gravity. We will obtain a exact solution which describes the accelerating
expansion of a spatial flat universe. The spacetime described by this solution is de Sitter-like, its structure
and evolution depend on distribution and motion of matter. In the limit of constant ρ and p, it becomes
a exact de Sitter spacetime. This solution indicates that in vacuum the torsion vanishes. When matter is
present, however, the torsion does no vanish, which mean that the energy generates not only curvature but
also torsion. It is interesting to observe that these conclusions are independent of the choice of α and β,
and then are very important properties shared by a wide class of quadratic gravity theories described by
the Lagrangian (3). It is the cosmological constant Λ that make spacetime de Sitter(-like) in both vacuum
and matter. However, whereas in general relativity and Poincare gauge theory the cosmological constant is
a free parameter, in de Sitter approach it is a intrinsic property of the spacetime and can be determined in
terms of other quantities [11].
The variational principle yields the field equations for the tetrad eIµ and the spin connection ΓIJµ:
3β
2l2
(
2eIσRρσRρµ + 2eJρRρσRI Jµσ − eIµRρσRρσ
)
+
α
2l2
(
4eIνRνµ − eIµR
)
R
+
1
2l2
(
eIνRνµ −
1
2
eIµR
)
+
3
l4
eIµ = EIµ, (4)
β
l2
eJ
λ[eIµ∂νRλν − eIν∂νRλµ +
(
eI
νRλµ − eIµRλν
)
eKτ∂νeK
τ
+eI
τΓνντRλµ + eIνΓτνλRτµ − eIµΓτνλRτν − eIτΓµντRλν]
+
α
l2
[(eIνeJτ − eJνeIτ) ΓµντR + (eJµeIν − eIµeJν) (ΓλλνR − ∂νR)
+
(
eI
νeJ
µ − eIµeJν
)
ReKτ∂νeKτ]
+
1
4l2
[(eIνeJτ − eJνeIτ)Γµντ + (eIνeJµ − eIµeJν) (Γλλν + eKτ∂νeKτ)] = sIJµ. (5)
where EIµ and sIJµ are energy- momentum and spin tensors of the matter source, respectively.. We use
the Greek alphabet (µ, ν, ρ, ... = 0, 1, 2, 3) to denote indices related to spacetime, and the Latin alpha-
bet (I, J, K, ... = 0, 1, 2, 3) to denote algebraic indices, which are raised and lowered with the Minkowski
metric ηIJ = diag (−1,+1,+1,+1). That may be, these field equations are rather complicated. They re-
ally look nothing like the familiar, well-analyzed equations of GR. To help understand the significance of
these equations, and to use our previous experience, we will do a translation of (4, 5) into a certain effec-
tive Riemannian form–transcribing from quantities expressed in terms of the tetrad eIµ and spin connection
ΓIJµ into the ones expressed in terms of the metric gµν and torsion Tλµν (or contortion Kλµν). The affine
connection Γλµν is related to eIµ and ΓJ Iµ by
Γλµν = eI
λ∂µe
I
ν + eJ
λeIνΓ
J
Iµ
=
{
µ
λ
ν
}
+ Kλµν, (6)
where
{
µ
λ
ν
}
, Kλµν are the Christoffel symbol and the contortion, separately, with
Kλµν = −
1
2
(
Tλµν + Tµνλ + Tνµλ
)
,
Tλµν = eIρT Iµν = Γλµν − Γλνµ. (7)
Accordingly the curvature can be represented as
Rρσµν = eIρeJσRI Jµν = ∂µΓρσν − ∂νΓρσµ + ΓρλµΓλσν − ΓρλνΓλσµ,
= Rρ{}σµν + ∂µK
ρ
σν − ∂νKρσµ + KρλµKλσν − KρλνKλσµ
+
{
λ
ρ
µ
}
Kλσν −
{
λ
ρ
ν
}
Kλσµ +
{
σ
λ
ν
}
Kρλµ −
{
σ
λ
µ
}
Kρλν, (8)
4where Rρ{}σµν = ∂µ {σρν} − ∂ν
{
σ
ρ
µ
}
+
{
λ
ρ
µ
} {
σ
λ
ν
}
− {λρν}
{
σ
λ
µ
}
is the curvature of the Christoffel symbol.
We shall focus on cosmology in our subsequent discussion. For the space flat Friedmann-Robertson-
Walker metric
gµν = diag
(
−1, a (t)2 , a (t)2 , a (t)2
)
, (9)
we have
{
0
0
0
}
= 0,
{
0
0
i
}
=
{
i
0
0
}
= 0,
{
i
0 j
}
= a
·
a δi j,
{
0
i
0
}
= 0,
{
ji0
}
=
{
0
i j
}
=
·
a
a
δij,
{
jik
}
= 0, i, j, k, ... = 1, 2, 3. (10)
The non-vanishing torsion components with holonomic indices are given by two functions h and f [12]:
T110 = T220 = T330 = a2h,
T123 = T231 = T312 = a3 f , (11)
and then the non-vanishing contortion components are
K110 = K220 = K330 = 0,
K101 = K202 = K303 = h,
K011 = K022 = K022 = a2h,
K123 = K231 = K312 = −
1
2
a f ,
K132 = K213 = K321 =
1
2
a f . (12)
The non-vanishing components of the Ricci curvature R{}µν are
R{}00 = −3
·
H −3
·
h −3H2 − 3Hh,
R{}11 = a2
(
·
H +3H2 + 5Hh+
·
h +2h2 − 12 f
2
)
, (13)
R{} = 6
·
H +12H2 + 18Hh + 6
·
h +6h2 − 32 f
2, (14)
where H = ·a (t) /a (t) is the Hubble parameter. Using these results and supposing the matter source is a fluid
characterized by the density ρ the pressure p and the spin sIJµ we obtain four independent equations from
(4) and (5):
(β + 3α) [−12
( ·
H +
·
h
)2
− 24
( ·
H +
·
h
)
H (H + h)
+12h (h + 2H) (h + H)2 − 6 (h + H)2 f 2 + 3
4
f 4]
+3H2 + 6Hh + 3h2 − 3
4
f 2 − 6
l2
− 2l2ρ = 0, (15)
5(β + 3α) [−4
( ·
H +
·
h
)2
− 8
( ·
H +
·
h
) (
H2 + Hh
)
+4h (h + 2H) (h + H)2 − 2 (h + H)2 f 2 + 1
4
f 4]
−2
( ·
H +
·
h
)
− 3H2 − 4Hh − h2 + 1
4
f 2 + 6
l2
+ 2l2 p = 0, (16)
−2{(β + 6α)
( ··
H +
··
h
)
+ 3 (β + 4α)
(
hH2 + 2H
·
H +2h
·
H
)
+ (5β + 18α)
(
H
·
h +h
·
h +h2H
)
+ (β + 3α)
(
2h3 − f
·f −1
2
h f 2
)
+
1
4
h} − 2l2s011 = 0, (17)
f {2 (β + 6α)
( ·
H +
·
h
)
+ 6 (β + 4α) H2
+2 (5β + 18α) Hh + (β + 3α)
(
4h2 − f 2
)
+
1
2
} − 2l2s123 = 0. (18)
The equations (15) and (16) lead to
·
H +
·
h= −2H2 − 3Hh − h2 + 14 f
2 +
4
l2
+
1
3
l2 (3p + ρ) . (19)
and
(β + 3α)
[
−16
l4
+
8
l2
(h + H)2 + 23 l
2 (h + H)2 (3p + ρ) − 2 f
2
l2
− 16
(
f 2l2 + 16
)
(3p + ρ) − 19 l
4 (3p + ρ)2
]
+
1
4
H2 +
1
2
Hh + 1
4
h2 − 1
16 f
2 − 1
2l2
− 16 l
2ρ = 0. (20)
The time derivative of (19) gives
··
H +
··
h= −4H
·
H −3
·
H h − 3H
·
h −2h
·
h +
1
2
f
·f +1
3
l2
(
3
·p +
·
ρ
)
. (21)
In what follows, we suppose sµνλ = 0. Substituting (21) and (19) into (17) we are left with
1
4
h − β (h + 4H) (h + H)2 + 4
l2
(6αh + 3βh + 2βH)
+
1
3 l
2 (6αh + 3βh + 2βH) (3p + ρ) + 13 (6α + β) l
2
(
3
·p +
·
ρ
)
− 1
2
β f
·f +1
2
βl2 (h + 2H)
= 0. (22)
Substituting (19) into (18) yields
f {−1
2
f 2β + 2β (h + H)2 + 8β + 6α
l2
+
1
2
+
2
3 l
2 (β + 6α) (3p + ρ)} = 0. (23)
This means
f = 0,
6or
− 1
2
f 2β + 2β (h + H)2 + 8
l2
(6α + β) + 1
2
+
2
3 l
2 (β + 6α) (3p + ρ) = 0. (24)
So we have two cases:
1) When
f = 0
the equations (20) and (22) read, respectively
(h + H)2 =
1
2l2 +
1
6 l
2ρ + (β + 3α)
(
16
l4 +
8
3 (3p + ρ) + 19 l4 (3p + ρ)2
)
(β + 3α)
(
8
l2 +
2
3 l2 (3p + ρ)
)
+ 14
, (25)
and
1
4
h − β
(
h3 + 6Hh2 + 9H2h + 4H3
)
+
4
l2
(6αh + 3βh + 2βH)
+2l2
(
αh + 1
2
βh + 1
3
βH
)
(3p + ρ) + 1
3
(6α + β) l2
(
3
·p +
·
ρ
)
= 0. (26)
They are two algebraic equations of H and h and have the solutions
H =
(
24
l2 α +
12
l2 β + 2l
2
(
α + 12β
)
(3p + ρ) + 14
)
A − βA3 + 13 (6α + β) l2
(
3
·p +
·
ρ
)
3βA2 + 4l2 (6α + β) + 13 (6α + β) l2 (3p + ρ) + 14
,
h = A − H, (27)
and
H =
−
(
24
l2 α +
12
l2 β
24
l2 α + 2l
2
(
α + 12β
)
(3p + ρ) + 14
)
A + βA3 + 13 (6α + β) l2
(
3
·p +
·
ρ
)
3βA2 + 4l2 (6α + β) + 13 (6α + β) l2 (3p + ρ) + 14
,
h = −A − H, (28)
where
A =
√√ 1
2l2 +
1
6 l2ρ + (3α + β)
(
16
l4 +
8
3 (3p + ρ) + 19 l4 (3p + ρ)2
)
(3α + β)
(
8
l2 +
2
3 l2 (3p + ρ)
)
+ 14
. (29)
The equations (27) and (28) imply that the spacetime is de Sitter-like, its structure and evolution are
determined by ρ and p i.e. the distribution and motion of matter. In the limit of constant ρ and p, it
7becomes a exact de Sitter spacetime. In addition to H, the scalar mode h of torsion also depends on ρ and
p, which means that the energy-momentum of matter generates not only curvature but also torsion of the
spacetime. The above solutions are, up to our knowledge, new and may have some interest for cosmology
and astronomy.
2) Following from (24), we have
f 2 = 4 (h + H)2 + 166α + β
βl2
+
1
β
+
4
3
6α + β
β
l2 (3p + ρ) . (30)
Substituting it into (20) gives
−48 (β + 3α) (β + 4α)
βl4
− 7β + 24α
2βl2
− 1
16β −
1
6 l
2ρ − 8 (β + 3α) (β + 4α)
β
(3p + ρ)
−2 (β + 4α)
8β
l2 (3p + ρ) − (β + 3α) (β + 4α)
3β
l4 (3p + ρ)2 = 0. (31)
Differentiating (30) with respect to time and using (19) we obtain
f
·f= 4 (h + H)
(
−H (h + H) + 1
4β
+
8 (β + 3α)
βl2
+
2 (β + 3α)
3β l
2 (3p + ρ)
)
+
2 (β + 6α)
3β l
2
(
3
·p +
·
ρ
)
.
Using these results the equation (22) becomes
0 = 0.
Therefore, there is no definite solution in this case.
In vacuum
p = ρ = 0
(27), (28), and (29) give
A =
√
2
l ,
H =
√
2
l , h = 0, (32)
and
H = −
√
2
l , h = 0. (33)
8Let us consider a de Sitter spacetime with l = lP, where lP is the Planck length, for which the corre-
sponding cosmological term is
Λ =
3
l2P
.
We obtain
Λ =
3
2
H2,
which agrees with the result predicted by the quantum gravity approach of de Sitter relativity [11]. Using
the value H = H0 = 75(Km/s)/Mpc, the cosmological constant is found to be
Λ ≃ 10−56cm−2,
which is of the order of magnitude of the observed value [13]. It is worth notice that the solutions (32) and
(33) are independent of the choice of α and β. In other wards, they are the same in all the theories described
by the Lagrangian with arbitrary values of α and β.
The solutions (32) and (33) mean that vacuum is a de Sitter spacetime without torsion, whereas the
solutions (27) and (28) indicate that when matter presents, torsion does not vanish. It is the energy ρ and
the pressure p of matter that generate torsion.
In this letter, we have studied the cosmology of a class of quadratic gravity with torsion described by the
Lagrangian (3). We have derived the basic equations (15-18) and obtained a exact solution (27) and (28).
This solution can be used to explain the observed acceleration of the cosmological expansion and indicate
the macroscopic origin of torsion.
Our results motivate further work. For example, it would be interesting to address the question of how
torsion influence the motion of a particle in gravitational field on both the theoretical and experimental sides.
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